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The class of covariant gravity theories which have nice ultraviolet behavior and seem to be (super)-
renormalizable is proposed. The apparent breaking of Lorentz invariance occurs due to the coupling
with the effective ﬂuid which is induced by Lagrange multiplier constrained scalar ﬁeld. Spatially-ﬂat
FRW cosmology for such covariant ﬁeld gravity may have accelerating solutions. Renormalizable versions
of more complicated modiﬁed gravity which depends on Riemann and Ricci tensor squared may be
constructed in the same way.
© 2010 Elsevier B.V. Open access under CC BY license. 1. Introduction
The main problem related with the quantization of the gravity
is that if we consider the perturbations from the ﬂat background,
which has a Lorentz invariance, by using General Relativity, there
appear the non-renormalizable divergences from the ultraviolet re-
gion in momentum space. Higher-derivative gravity may be renor-
malizable (see book [1]) but the well-known unitarity problem
cannot be solved there. The idea proposed in Ref. [2] (for cosmo-
logical applications, see [3]) is to modify the ultraviolet behavior
of the graviton propagator in Lorentz non-invariant way as 1/|k|2z ,
where k is the spatial momenta and z could be 2, 3 or larger in-
tegers. They are deﬁned by the scaling properties of space–time
coordinates (x, t) as follows, x → bx, t → bzt . When z = 3, the
theory seems to be UV renormalizable. Then in order to realize
the Lorentz non-invariance, one introduces the terms breaking the
Lorentz invariance explicitly (or more precisely, breaking full dif-
feomorphism invariance) by treating the temporal coordinate and
the spatial coordinates in a different way.
Such model has invariance under time reparametrization and
time dependent spatial diffeomorphisms: δxi = ζ i(t, x), δt = f (t).
Here ζ i(t, x) and f (t) are arbitrary functions.
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Open access under CC BY license. In Ref. [5], Horˇava-like gravity model with full diffeomorphism
invariance has been proposed. When we consider the perturba-
tions from the ﬂat background, which has Lorentz invariance,
the Lorentz invariance of the propagator is dynamically broken
by the non-standard coupling with a perfect ﬂuid. The obtained
propagator behaves as 1/k2z with z = 2,3, . . . in the ultravio-
let region and the model could be perturbatively power counting
(super)-renormalizable if z 3. The price for such covariant renor-
malizability is the presence of unknown (string-inspired?) ﬂuid.
This ﬂuid could not correspond to the usual ﬂuid like, radiation,
baryons, dust, etc. The model can be consistently constructed when
the equation of state (EoS) parameter w = −1, 1/3. For usual par-
ticles in the high energy region, the corresponding ﬂuid is rela-
tivistic radiation for which w → 1/3. We need the non-relativistic
ﬂuid even in the high energy region.
Recently dust ﬂuid with w = 0 has been constructed for the
scalar theory by introducing the Lagrange multiplier ﬁeld, which
gives a constraint on the ﬁrst scalar ﬁeld [4]. In this Letter, we
construct a ﬂuid with arbitrary constant w from the scalar ﬁeld
which satisﬁes a constraint. Due to the constraint, the scalar ﬁeld
is not dynamical and even in the high energy region, one can ob-
tain a non-relativistic ﬂuid. By the coupling with the ﬂuid, one can
get the full diffeomorphism invariant Lagrangian (actually, class of
such gravitational Lagrangians) given completely in terms of ﬁelds
variables. It is demonstrated that such theory has the good prop-
erties of Lorentz non-invariant gravity (its conjectured renormal-
izability) being on the same time the covariant one. Moreover, in
simplest case its spatially-ﬂat FRW cosmology may have accelerat-
ing solutions.
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Let us brieﬂy review the covariant renormalizable gravity of
Ref. [5]. The starting action is
S =
∫
d4x
√−g
{
R
2κ2
− α(Tμν Rμν + βT R)2
}
. (1)
Here Tμν is energy–momentum tensor of the exotic ﬂuid. The ac-
tion (1) is fully diffeomorphism invariant. We consider the pertur-
bation from the ﬂat background gμν = ημν + hμν . We now choose
the following gauge conditions: htt = hti = hit = 0. For the perfect
ﬂuid, the energy–momentum tensor in the ﬂat background has the
following form:
Ttt = ρ, Tij = pδi j = wρδi j . (2)
Here w is the equation of state (EoS) parameter. Then one ﬁnds
Tμν Rμν + βT R
= ρ
[{
−1
2
+ w
2
+ (−1+ 3w)β
}
∂2t
(
δi jhi j
)
+ (w − β + 3wβ)∂ i∂ jhi j
+ (−w + β − 3wβ)∂k∂k
(
δi jhi j
)]
. (3)
If we choose
β = − w − 1
2(3w − 1) , (4)
the second term in the action (1) becomes
α
(
Tμν Rμν + βT R
)2
= αρ2
(
w
2
+ 1
2
)2{
∂ i∂ jhi j − ∂k∂k
(
δi jhi j
)}2
, (5)
which does not contain the derivative with respect to t and breaks
the Lorentz invariance. We now assume ρ is almost constant. Then
in the ultraviolet region, where k is large, the second term in the
action (1) gives the propagator behaving as 1/|k|4, which renders
the ultraviolet behavior (compared with Eq. (1.4) in [2]). Note that
the form (4) indicates that the longitudinal mode does not propa-
gate but only the transverse mode propagates.
There are two special cases in the choice of w: when w =
−1, which corresponds to the cosmological constant, one gets
Tμν Rμν + βT R = 0 and therefore we do not obtain 1/k4 behavior.
When w = 1/3, which corresponds to the radiation or conformal
matter, β diverges and therefore there is no solution.
The apparent breakdown of the Lorentz symmetry in (5) oc-
curs due to the coupling with the perfect ﬂuid. The action (1) is
invariant under the diffeomorphisms in four dimensions and the
energy–momentum tensor Tμν of the non-standard ﬂuid in the
action should transform as a tensor under the diffeomorphisms.
The existence of the ﬂuid, however, effectively breaks the Lorentz
symmetry, which is the equivalence between the different iner-
tial frames of reference. Note that the expression (2) is correct in
the reference frame where the ﬂuid does not ﬂow, or the veloc-
ity of the ﬂuid vanishes. In other reference frames, there appear
non-vanishing Tit = Tti components and there could appear the
derivative with respect to time, in general.
In the arguments after (1), the ﬂat background is considered
but the arguments could be generalized for the curved back-
ground: in the curved space–time, due to the principle of the
general relativity, we can always choose the local Lorentz frame.
The local Lorentz frame has (local) Lorentz symmetry. Even in thelocal Lorentz frame, the perfect ﬂuid might ﬂow and Tit = Tti com-
ponents might not vanish. By boosting the frame, which is the (lo-
cal) Lorentz transformation, we have a special local Lorentz frame,
where the ﬂuid does not ﬂow. In the Lorentz frame, one can use
the above arguments and ﬁnd there is no breakdown of the unitar-
ity. Conversely, in a general coordinate frame, Tμν Rμν + βT R can
have a derivative with respect to time.
The action (1) gives z = 2 theory. In order that the theory could
be ultra-violet power counting renormalizable in 3+1 dimensions,
z = 3 theory is necessary. In order to obtain such a theory, we note
that, for any scalar quantity Φ , if we choose
γ = 1
3w − 1 , (6)
one obtains
Tμν∇μ∇νΦ + γ T∇ρ∇ρΦ = ρ(w + 1)∂k∂kΦ, (7)
which does not contain the derivative with respect to time coordi-
nate t . This is true even if the coordinate frame is not local Lorentz
frame. The derivative with respect to time coordinate t is not con-
tained in any coordinate frame, where the perfect ﬂuid does not
ﬂow. Then if we consider
S =
∫
d4x
√−g
{
R
2κ2
− α(Tμν Rμν + βT R)(Tμν∇μ∇ν
+ γ T∇ρ∇ρ
)(
Tμν Rμν + βT R
)}
, (8)
with β = − w−12(3w−1) and γ = 13w−1 , we obtain z = 3 theory, which
seems to be renormalizable. In general, for the case
S =
∫
d4x
√−g
[
R
2κ2
− α{(Tμν∇μ∇ν + γ T∇ρ∇ρ)n
× (Tμν Rμν + βT R)}2
]
, (9)
with a constant n, we obtain z = 2n + 2 theory which is super-
renormalizable for n  1. Usually n should be an integer but
in general, we may consider pseudo-local differential operator
(Tμν∇μ∇ν +γ T∇ρ∇ρ)n with non-integer n (e.g. n = 1/2,3/2 etc.).
We should also note that there are special cases, that is, w = −1
and w = 1/3.
The second terms in the actions (1), (8), (9), and (9), which
effectively break the Lorentz symmetry, are relevant only in the
high energy/UV region since they contain higher derivative terms.
In the IR region, these terms do not dominate and the usual Ein-
stein gravity follows as a limit.
In [8,9], F (R)-gravity [6] version of the Horˇava–Lifshitz-like
gravity has been proposed. The renormaliability of this class of
F (R)-gravity has been established in [10]. In [10], the covariant
version of the Horˇava–Lifshitz-like F (R)-gravity has been also pre-
sented. Its action is given by
S F (R˜cov) =
1
2κ2
∫
d4x
√−gF (Rcov),
Rcov =
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
R − 2ακ2(Tμν Rμν + βT R)2, z = 2,
R − 2κ2α(Tμν Rμν + βT R)
× (Tμν∇μ∇ν + γ T∇ρ∇ρ)
× (Tμν Rμν + βT R), z = 3,
R − 2κ2α{(Tμν∇μ∇ν + γ T∇ρ∇ρ)n
× (Tμν Rμν + βT R)}2, z = 2n + 2.
(10)
Although it has not been shown, the theories (10) are expected to
be renormalizable when z  3, which may be demonstrated using
the same arguments as in Ref. [5] or in this section.
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In this section, the covariant gravity coupled with the (Lagrange
multiplier induced) ﬂuid is constructed.
We consider the following constrained action for the scalar
ﬁeld φ
Sφ =
∫
d4x
√−g
{
−λ
(
1
2
∂μφ∂
μφ + U (φ)
)}
. (11)
Here λ is the Lagrange multiplier ﬁeld, which gives a constraint
1
2
∂μφ∂
μφ + U (φ) = 0, (12)
that is, the vector (∂μφ) is time-like. At least locally, one can
choose the direction of time to be parallel to (∂μφ). Then Eq. (12)
has the following form:
1
2
(
dφ
dt
)2
= U (φ). (13)
The equation given by the variation of φ will be discussed later.
We now deﬁne a tensor T φμν corresponding to the energy–
momentum tensor of the scalar ﬁeld with a potential V (φ):
T φμν = ∂μφ∂νφ − gμν
(
1
2
∂ρφ∂
ρφ + V (φ)
)
. (14)
The “energy density” ρφ and “pressure” pφ become:
pφ = 1
2
(
dφ
dt
)2
− V (φ) = U (φ) − V (φ),
ρφ = 1
2
(
dφ
dt
)2
+ V (φ) = U (φ) + V (φ). (15)
Here, the constraint (13) is used. We should note that V (φ) is not
identical with U (φ): V (φ) = U (φ). In case V (φ) = U (φ), Eq. (15)
tells that pφ = 0, which corresponds to dust with wφ ≡ pφ/ρφ = 0.
Note that quantization of constrained theories is quite non-trivial
task (see reviews [7]).
For simplicity, we choose V (φ) and U (φ) to be constants:
U (φ) = U0, V (φ) = V0. (16)
Then if U0 = V0, the EoS parameter wφ vanish. In general case,
one has wφ = U0−V0U0+V0 . Let us now use T
φ
μν as a energy–momentum
tensor in the previous section. Since (4) shows β = − w−12(3w−1) =
V0
2U0−4V0 . One can simplify
T φμν Rμν + βT φR = ∂μφ∂νφRμν + U0R. (17)
Here, Eqs. (12), (14), and (16) are used. We also ﬁnd γ in (6) has
the following form: γ = U0−V02U0−4V0 , which gives, by using (7),
T φμν∇μ∇νΦ + γ T φ∇ρ∇ρΦ
= ∂μφ∂νφ∇μφ∇νΦ + 2U0∇ρ∇ρΦ. (18)
Eq. (17) enables to write down z = 2 total action corresponding to
(1) as
S =
∫
d4x
√−g
{
R
2κ2
− α(∂μφ∂νφRμν + U0R)2
− λ
(
1
∂μφ∂
μφ + U0
)}
. (19)
2On the other hand, z = 3 total action corresponding to (8) has the
following form:
S =
∫
d4x
√−g
{
R
2κ2
− α(∂μφ∂νφRμν + U0R)(∂μφ∂νφ∇μ∇ν
+ 2U0∇ρ∇ρ
)(
∂μφ∂νφRμν + U0R
)
− λ
(
1
2
∂μφ∂
μφ + U0
)}
, (20)
and z = 2n + 2 action is given by
S =
∫
d4x
√−g
{
R
2κ2
− α{(∂μφ∂νφ∇μ∇ν + 2U0∇ρ∇ρ)n
× (∂μφ∂νφRμν + U0R)}2 − λ
(
1
2
∂μφ∂
μφ + U0
)}
. (21)
Note that the actions (19), (20), and (21) are totally diffeomor-
phism invariant and only given in terms of the local ﬁelds. We also
note that the actions (19), (20), and (19) do not depend on V0.
By the variation over φ, for example, for z = 2 case in (19), one
ﬁnds
0 = 4α∂μ{∂νφRμν(∂ρφ∂σ φRρσ + U0R)}+ ∂μ(λ∂μφ). (22)
For z = 3 case (20) or z = 2n + 2 case (21), rather complicated
equations follow.
For the perturbation from the ﬂat background gμν = ημν +hμν ,
we ﬁnd
∂μφ∂νφRμν + U0R = U0
{
∂ i∂ jhi j − ∂k∂k
(
δi jhi j
)}
, (23)
∂μφ∂νφ∇μ∇ν + 2U0∇ρ∇ρ = 2U0∂k∂k.
Then in the ultraviolet region, where k is large, the propagator
behaves as 1/|k|4 for z = 2 case in (19) and therefore the ultra-
violet behavior is rendered. In z = 3 case in (20), the propagator
behaves as 1/|k|6 and therefore the model becomes renormaliz-
able. In z = 2n + 2 case in (21), when n  1, the model becomes
super-renormalizable.
The F (R)-gravity corresponding to (10) is given by
S F (R˜cov) =
1
2κ2
∫
d4x
√−g
{
F (Rcov) − λ
(
1
2
∂μφ∂
μφ + U0
)}
,
Rcov =
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
R − 2ακ2(∂μφ∂νφRμν + U0R)2, z = 2,
R − 2κ2α(∂μφ∂νφRμν + U0R)
× (∂μφ∂νφ∇μ∇ν + 2U0∇ρ∇ρ)
× (∂μφ∂νφRμν + U0R), z = 3,
R − 2κ2α{(∂μφ∂νφ∇μ∇ν + 2U0∇ρ∇ρ)n
× (∂μφ∂νφRμν + U0R)}2, z = 2n + 2.
(24)
The action (24) is also totally diffeomorphism invariant and only
given in terms of the local ﬁelds.
4. Discussion: cosmological applications
Let us make several remarks about FRW cosmology in the
presence of matter. In order to obtain the FRW equations, we
assume the following form of the metric: ds2 = −e2b(t) dt2 +
a(t)2
∑
i=1,2,3(dxi)2, and that the scalar ﬁeld φ only depends on
time. Then
∂μφ∂νφRμν + U0R = 6H2U0e−2b,
∂μφ∂νφ∇μ∇ν + 2U0∇ρ∇ρ = −6U0e−2b∂t . (25)
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action (19) has the following form:
S =
∫
d4xa3
[
e−b
2κ2
(
6H˙ + 12H2 − 6b˙H)
− 36αU20e−3bH4 − λ
(
−e
−b
2
φ˙2 + ebU0
)]
. (26)
The equation corresponding to the ﬁrst FRW equation can be ob-
tained by putting b = 0 after the variation over b and it has the
following form:
3
κ2
H2 = −108αU20H4 + 2λU0 + ρmatter. (27)
Here we have used a constraint (13), which is valid even in the
FRW universe and the usual matter energy-density ρmatter is in-
cluded. On the other hand, by considering the variation over a and
putting b = 0, one obtains the equation corresponding to the sec-
ond FRW equation for (20):
− 1
κ2
(
2H˙ + 3H2)= 36αU20(3H4 + 4H2 H˙)+ pmatter. (28)
Here we have used a constraint (13), again and pmatter is the usual
matter pressure. Note that Eq. (28) does not contain λ. By solving
(28), H = H(t). After that, by substituting the solution H(t), we
can ﬁnd the form of λ.
In the early universe with large curvature, the contribution
from the Einstein term, which corresponds to the right-hand sides
in (27) and (28) is large, and the matter contribution could be ne-
glected. Then a solution of (28) is given by
H = 4
3t
, (29)
which expresses the (power law) accelerating expansion of the
universe corresponding to the perfect ﬂuid with w = −1/2. Then
Eq. (27) gives
λ = 32αU0
3t4
. (30)
This accelerated FRW cosmology may be proposed to describe
(quintessential) inﬂationary era.
One may conﬁrm that the actions (19), (20), and (21) admit
a solution where R = Rμν = 0, which corresponds to the ﬂat,
Schwarzschild, or Kerr space–time, by investigating the Einstein
equation:
0 = 1
2κ2
(
Rμν − 1
2
gμν R
)
+ Ghigherμν − λ2 ∂μφ∂νφ
+ 1
2
gμν
(
1
2
∂ρφ∂
ρφ + U0
)
. (31)
Here Ghigherμν comes from the higher derivative term (the second
term) in the action. When R = Rμν = 0, then Ghigherμν = 0, by using
the constraint equation (12), we ﬁnd that Eq. (31) reduces to
0 = λ∂μφ∂νφ, (32)
whose solution is λ = 0. Then the actions (19), (20), and (21) admit
the solution with R = Rμν = 0, which includes the Schwarzschild
solution
ds2 = −
(
1− M
r
)
dt2 +
(
1− M
r
)−1
dr2 + r2 dΩ2. (33)
In the Horˇava gravity and the theories which we are considering,
the dispersion relation of the graviton is given byω = c0kz, (34)
in the high energy region. Here c0 is a constant, ω is the angular
frequency corresponding to the energy and k is the wave number
corresponding to momentum. Then the phase speed vp and the
group speed vg are given by
vp = ω
k
= c0kz−1, vg = dω
dk
= c0zkz−1, (35)
which becomes larger and larger when k becomes larger and goes
beyond the light speed. This shows that even in (33), the high en-
ergy graviton can escape from the horizon. Note that the horizon
is null surface and therefore in the usual Einstein gravity, particle
cannot escape from the horizon since the speed of the particle is
always less than or equal to the light speed. In our model, how-
ever, the speed of the graviton can exceed the light speed and
escape from the horizon. This indicates that some properties of
black holes in the theory under consideration are similar to the
ones of Horˇava gravity.
As a remark, instead of (24), one may investigate the F (R) type
model where the action is given by
SR+F (R˜cov) =
1
2κ2
∫
d4x
√−g
{
R
2κ2
+ F (Rcov)
− λ
(
1
2
∂μφ∂
μφ + U0
)}
. (36)
Here R is the usual scalar curvature. Note, however, the model (36)
is not always renormalizable. Such examples are F (Rcov) ∝ Rncov
(n  3). In order to investigate the renormalizability, let us con-
sider the ﬂuctuation from the ﬂat background. Then Rncov (n  3)
term does not contain the second power of the ﬂuctuation but only
contains n-th or higher power terms like hm (nm). Then the Rncov
term does not give any contribution to the propagator and there-
fore the ultraviolet structure of the divergence is never improved
and there appear non-renormalizable divergences.
Another remark is about the emergence of the standard New-
ton law. In the original Horˇava model [2], the lapse function N is
restricted to only depend on the time coordinate, which is called
“projectability condition”. This condition could be natural since the
original Horˇava model has not full diffeomorphism invariance but
the invariance under time reparametrization and time dependent
spatial diffeomorphisms. As pointed out in [11], by imposing the
projectability condition, the Newton law could not be reproduced.
Even in the Horˇava model, if the projectability condition is not im-
posed, the Newton law could be realized. The model proposed in
this Letter, however, has the full diffeomorphism invariance and
therefore we need not to impose the projectability condition. In
the models (19), (20), and (21), the corrections to the Einstein
gravity come from the second and third terms. The second term is
the higher derivative term and therefore relevant only for the very
short distance, which possibly corresponds to the Planck length.
Then this term does not affect the Newton law which has not been
checked for such a short distance. The third term only gives a con-
straint and irrelevant for the Newton law.
In summary, we proposed class of covariant gravity theories
which have nice ultraviolet behavior and seem to be (super)-
renormalizable in the same sense as Horˇava gravity which is
known to be Lorentz non-invariant. These covariant theories are
coupled with some ﬂuid which is induced by the corresponding
Lagrange multiplier constrained scalar. The accelerating spatially-
ﬂat FRW uniﬁed cosmology may be constructed for F (R) versions
of such theory, which opens the bridge between modiﬁed grav-
ity cosmology and renormalizability. Moreover, renormalizable ver-
sions of more complicated modiﬁed gravity may be constructed in
the same way.
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